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Abstrat
We investigate the possibility to desribe nulear matter in an approah onstrained
by the prominent features of quantum hromodynamis. We mapped the in-medium
nuleon self-energies of a point oupling relativisti mean-eld model on self-energies
obtained in eetive theories of QCD. More preisely, the ontributions to the nu-
leon self-energy have been separated into the short range part, driven prinipally
by the quark struture of the nuleon desribed in a quark-diquark piture, and the
long range part, ditated by pion dynamis and determined using in-medium hiral
perturbation theory. A saturation point, although unrealisti, is obtained without
any free parameter. A realisti desription of nulear matter saturation properties
has been obtained with the inlusion of a small phenomenologial orretion term
to the short range part of the self-energy.
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1 Introdution
Eetive eld theories (EFT) based on hadroni degrees of freedom are at
the basis of many suessful models of nulear struture. In partiular, quan-
tum hadrodynamis (QHD) models oer a eld theoretial framework on-
sistent with the symmetries of quantum hromodynamis (QCD). Eetive
Lagrangians, onstruted with meson-nuleon or point-oupling interations,
have been applied suessfully in the relativisti mean eld approximation
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(RMF) to desribe nulear matter and nite nulei all over the periodi table
[1,2℄.
The nulear matter saturation arises in QHD models via a subtle anella-
tion between large Lorentz salar and four-vetor nuleon self-energies in the
medium. There is evidene from nulear spin-orbit splitting in nite nulei
that these self-energies should be of the order of hundreds of MeV. A reent
many body alulation [3℄, using realisti nuleon-nuleon (NN) potentials,
found that these large self-energies is a model independent fat, enfored by
the struture of NN interation.
However, in QHD models, the Lagrangian parameters are determined in a
purely phenomenologial way to reprodue nulear matter and nite nulei
properties. It would be desirable to get a lear onnetion of the nuleon self-
energies to the underlying theory of strong interations, QCD. On the one
hand, this an be ahieved, for example, with nite density QCD sum rules
[4℄. In this approah, the nuleon self-energy modiations in the medium are
related to the modiations of the salar quark ondensate and quark density.
However, these self-energies alone do not allow for a realisti desription of
saturation properties when taken into aount in an eetive hadroni model
[5℄. On the other hand, important progress have been made in desribing the
nuleon self-energies by using quark models, like for example the Nambu-Jona-
Lasinio model [6℄. This type of model is well suited for the study of short range
eets in the mean-eld approximation.
Conerning the long-range part of the NN interation, it is known long be-
fore QCD that pion plays an important role. In the medium, the inlusion
of pion exhange between nuleons in quark models, like the NJL one, leads
to important tehnial diulties and still seems out of sope. Another ap-
proah is based on the onept of eetive eld theories [7℄ in whih one has
to write the most general Lagrangian ompatible with symmetries of QCD.
At low energy, pions and nuleons are the relevant degrees of freedom and
the dynamis is ontrolled by the broken hiral symmetry. This is the basis
of hiral perturbation theory [8℄ (ChPT), whih has been suessfully applied,
for example, to onstrut NN potentials (see for examples [9,10,11℄). In this
theory, the low-energy expansion of the Lagrangian is arranged in powers of
derivatives and pion masses. The in-medium nuleon self-energies an in prin-
iple be determined with the in-medium ChPT as used rst in [12℄. However,
the determination of the ontributions beyond the next-to-leading order in the
medium is a really ompliated task. Moreover, ontat terms enoding the
short distane dynamis arise at eah order.
In this work, we therefore investigate the possibility to obtain the nuleon
self-energy in nulear matter by using the omplementary of these two ap-
proahes. The one and two pion exhange ontributions are determined at
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next-to-leading order in the framework of in-medium ChPT. Instead of inlud-
ing the phenomenologial ontat terms, the short distane physis is desribed
with a quark model of the nuleon. We use here a quark-diquark piture in a
NJL model.
This nuleon self-energy is then implemented in a nuleoni density dependent
point oupling model in order to explore the possibility to desribe saturation
properties of nulear matter. A saturation point is obtained, although at too
low density, for some values of the quark mass without any free parameter.
Reasonable saturation properties are obtained by adding a small orretion to
the quark-diquark piture.
In setion 2, we present the in-medium quark-diquark model of the nuleon
in the NJL model. One and two pion exhange ontributions to the nuleon
self-energies are determined with in-medium ChPT in setion 3. The nule-
oni point oupling model, the self-energies mapping proedure are detailed
in setion 4, together with the results and disussion. We onlude in setion
5.
2 In-medium self-energies of the nuleon in a Nambu-Jona-Lasinio
quark-diquark piture
We derive in this setion the in-medium modiations of the part of the nu-
leon self-energies assoiated to the internal quark struture of the nuleon.
We use here a simple quark-diquark piture in NJL model.
The Nambu-Jona-Lasinio [13℄ model is a hirally invariant point oupling
quark model, in whih the dynamis is ditated by the dynamial breaking of
hiral symmetry. The Lagrangian of two avor SU(2) NJL model reads in a
general form:
LNJL = q¯ [i/∂ −m0] q + Lint, (1)
where q is the avour SU(2) quark eld and m0 the bare quark mass. Lint
is the interation Lagrangian, based on hirally invariant four Fermi intera-
tions. Any four fermion interation an be Fierz symmetrised and rewritten
identially as a hirally symmetri linear ombinations
∑
i gi(q¯Γiq)
2
where gi
are funtions of the original ouplings and Γi are matries in Dira, avor and
olor spae. We onsider the salar, pseudosalar and vetor hannels in or-
der to reprodue the vauum phenomenology of pion and omega mesons. The
quark-quark interation hannels are similarly obtained by a deomposition
of Lint using Fierz transformation. For our purpose, we need only the salar
3
diquark hannel, whih gives the leading ontribution to the struture of the
nuleon [14℄. We thus write the eetive interation Lagrangians in the q¯q and
qq hannels respetively:
Lint,effq¯q = gpi
[
(qq)2 + (qiγ5τq)
2
]
− gω(qγµq)2, (2)
Lint,effqq = gsd
[
q¯βAγ5Cτ2q¯
T
] [
qTC−1τ2β
Aγ5q
]
, (3)
where C = iγ2γ0, and β
A =
√
3/2λA (A=3,5,7) are the olor 3¯ matries.
The ouplings gpi and gω, together with m0, will be hosen to reprodue both
the vauum pion and vetor masses and the pion deay onstant. The salar
diquark oupling gsd is in priniple related, via Fierz transformations, to the
mesoni hannel ouplings. However, the form of this relationship depends on
the hoie of Lint and is therefore not unique (see for example [15℄). As usual,
we onsequently have hosen the gsd value to reprodue the vauum nuleon
mass, independently from the other ouplings.
2.1 Nuleon and mesons in vauum
The Dira equation for a quark in mean-eld approximation is given by:
[
i/∂ −m0 − 2gωγ0
〈
qγ0q
〉
+ 2gpi 〈qq〉
]
q = 0, (4)
whih denes a dynamial onstituent-quark mass:
m = m0 − 2gpi 〈qq〉 , (5)
generated by a strong salar interation of the quark with the QCD vauum.
In the gap equation (Eq.(5)), the quark ondensate 〈qq〉 an be written as:
〈qq〉 = −
∫
d4k
(2π)4
TrS(k), (6)
where here Tr denotes traes over olor, avor and spin. In Eq.(6), S(k) rep-
resents the quark propagator dened as:
S(k) =
i
/k −m+ iε . (7)
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The quark ondensate is divergent due to the loop integral and requires an
appropriate regularization proedure. As many authors[16,17℄, we introdue a
three-momentum ut-o Λ whih will have the least impat on medium parts
of the regularized integrals, in partiular at zero temperature[17℄. In fat, sine
the model is non renormalizable, the ut-o Λ is just an additional parameter.
As usual, the mesons are obtained by solving the Bethe-Salpeter (BS) equation
in the quark-antiquark hannels. Sine this is the standard proedure, we only
reall the prinipal steps. First, we dene the quark-antiquark polarization
operator in the M = π, σ, ω hannel by:
ΠM(q
2) = −i
∫
d4k
(2π)4
Tr [ΓMS(k + q/2)ΓMS(k − q/2)] , (8)
where the vertex ΓM = iγ5τ
k
, i1 and iγµ stand for respetively the pion,
sigma and omega mesons. Note that, in the vetor hannel, the Lorentz stru-
ture of the polarization operator is Πµυω (q
2) =
(
−gµν + qµqυ
q2
)
Πω(q
2). The me-
son masses, mM , and meson-quark-quark oupling onstants, gMqq, are then
determined by the pole struture of the T -matrix, i.e. by the onditions:
1−KMΠM(q2 = m2M ) = 0, (9)
g2Mqq =
[
dΠM(q
2)
dq2
]−1
q2=m2
M
, (10)
where KM = 2gpi, 2gpi and 2gω respetively for the π, σ and ω mesons.
The nuleon is desribed as a quark-diquark bound state by solving the Fad-
deev equation. The quark-quark bubble graph in salar hannel reads:
Πsd(q) = 6i
∫ d4k
(2π)4
TrD [γ5S(k)γ5S(q − k)], (11)
where TrD denotes a trae in Dira spae. The BS equation in the salar
diquark hannel is then given by:
1− 2gsdΠsd(q) = 0. (12)
The relativisti Faddeev equation is redued to an eetive BS equation for a
diquark and a quark interating via quark exhange when restriting the qq
hannels to the salar one. We take the stati approximation to the Faddeev
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equation [14℄, where the exhanged quark propagator is taken as −i/m. The
stati approximation has been found to reprodue reasonably well the exat
Faddeev result [18℄. The Faddeev equation then redues to a series of quark-
diquark bubble graphs and the solution for the t-matrix in the olor singlet
hannel is:
T (p) =
3
m
1
1 + 3
m
ΠN (p)
, (13)
with ΠN (p) the quark-diquark polarization:
ΠN(p) = i
∫
d4k
(2π)4
S(k)τ(p− k), (14)
in whih τ(q) is the diquark propagator
τ(q) =
4igsd
1− 2gsdΠsd(q) ∼ i
[
4gsd +
Gsd
q2 −m2sd + iǫ
]
, (15)
where the seond equality results from the pole approximation of the propaga-
tor used in the numerial alulation. We have veried that this is a very good
approximation of the exat diquark propagator in the range of momentum
onsidered here. In Eq. (15), msd is the diquark mass, and Gsd is dened as:
G2sd =
[
dΠsd(q)
dq2
]−1
q2=m2
sd
, (16)
Note that for the determination of the polarizations (Eqs. (8), (11) and (14)),
we have used the same regularization proedure as for the quark ondensate.
2.2 Nuleon self-energy modiation in the medium
As outlined by Ripka in [19℄, the in-medium modiation of the quark on-
densate is roughly the same in quark or nulear matter in NJL model, as
long as the vauum onstituent quark mass is not too high ( m ∼ 400MeV).
In rst approximation, we thus onsider the in-medium modiation of the
quark-diquark state in quark matter. The masses and ouplings at nite den-
sity are denoted with star supersript (as for example m∗ for the onstituent
quark mass at nite density). When working at nite quark density, one has
to modify the quark propagator Eq. (7):
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• by making the replaements kµ → k∗µ = kµ − 2gω 〈qγµq〉 and m→ m∗
• by adding to the quark propagator Eq. (7) the medium insertion part
− π/k
∗ +m∗
E∗k
δ (k0 − Ek) θ (kF − |k|) , (17)
where kF is the quark Fermi momentum, and Ek = E
∗
k + 2gωρ with ρ =
〈q¯γ0q〉 the quark density and E∗k = k∗0 =
√
k2 +m∗2.
The insertion of the medium part in eah quark propagator generates nite
integrals whih an be performed almost analytially. The polarizations Πj
(j = M, sd,N) in the Bethe-Salpeter and Faddeev equations thus depend
expliitly on the quark Fermi momentum kF . This expliit dependene in kF
will not be indiated below.
For a given Fermi momentum kF , the produt S(k)S(q−k) in Eq.(11) for the
diquark is replaed in the medium by S(k∗)S(qsd− k∗), where q0sd = q0− 4gωρ
and qsd = q. If the equation 1− 2gsdΠsd(q0) = 0 is satised, then the solution
of 1 − 2gsdΠsd(q0sd) = 0 with qsd = (
√
q2 +m∗2sd = q
0 − 4gωρ,q) is, in the rest
frame of the diquark, q0 = m∗sd + 4gωρ.
Considering the nuleon polarization equation (14), S(k)τ(p−k) is replaed
in the medium by S(k∗)τ(pd − k∗) with p0d = p0 − 6gωρ and pd = p. If the
equation 1+ 3
m∗
ΠN(p) = 0 is satised at /p =MN +Σ
0
S, where Σ
0
S is the salar
self-energy, then the solution of 1 + 3
m∗
ΠN (pd) = 0 is /pd = MN +Σ
0
S . We thus
get p0 =
√
p2 + (MN + Σ0S)
2 + 6gωρ. The salar self-energy Σ
0
S is obtained
by the solution of the quark-diquark pole ondition, at rest (p = 0), in quark
matter. The vetor self-energy is Σ0V = 6gωρ.
Repeating this proedure for eah value of kF , we thus obtain Σ
0
S(ρB) and
Σ0V (ρB)
2.3 Numerial results
For a given ut-o Λ, or equivalently a vauum onstituent quark mass m,
the free parameters m0, gpi and gω are hosen to reprodue vauum pion mass,
pion deay onstant and omega meson mass mpi = 135MeV, fpi = 92.4MeV,
mω = 782MeV. The parameter gsd is nally taken to reprodue the free nuleon
mass MN = 939MeV. As usual, one has to onsider several values for the
vauum onstituent quark mass m.
The results for the in-medium nuleon self-energies are reported on Fig. 1 for
three values of the onstituent quark mass between m = 370MeV and m =
430MeV. For m < 370MeV, the nuleon is not bound and for m > 440MeV
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the salar self-energy of the nuleon is too muh attrative. The parameters
of the models and the values of the nuleon self-energies at a baryoni density
ρ0 ∼ 0.17fm−3 are given in Tab. 1.
Fig. 1. Part of the salar and vetor nuleon self-energies from quark-diquark model,
for three values of the vauum onstituent quark mass: m = 370MeV (solid line),
m = 400MeV (dashed line) and m = 430MeV (dotted line).
Some omments are in order, even if these results should not be interpreted
alone. First, the salar self-energy is attrative and the vetor one is repulsive
as expeted. However, one interesting point is that there is a strong asymmetry
between the salar and vetor part of the self-energy, with a ratio Σ0S/Σ
0
V ∼
−2.
m(MeV) Λ(MeV) m0(MeV) gpiΛ
2 gωΛ
2 gsd/gpi Σ
0
S(MeV) Σ
0
V (MeV)
370 605 5.9 2.3 2.0 0.735 -260 130
400 592 6.0 2.4 2.4 0.768 -347 160
430 583 6.0 2.4 3.3 0.789 -490 230
Table 1
NJL model parameters for three values of the onstituent quark mass. The nuleon
self-energies in the last two olumns are given at the baryoni density ρ0 = 0.17fm
−3
.
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Seond, the vetor self-energy is exatly linear in the baryoni density. As an
be seen in Fig. 1 and veried numerially, the salar self-energy is also linear
in the density to a good approximation.
Finally, the self-energies highly depend on the vauum quark mass value. There
is approximately a fator 1/2 from m = 370MeV to m = 430MeV for the
part of the salar self-energy oming from the quark struture of the nuleon.
However, we will show later that the impat of the quark mass value on the
nulear matter saturation properties is not as ruial as it ould be expeted
from these results.
3 In-medium nuleon self-energies from pion exhange ontribu-
tions
We derive in this setion the in-medium modiations of the nuleon self-
energies oming from the long-range pion exhange determined in the frame-
work of hiral perturbation theory (ChPT).
3.1 Elements of hiral perturbation theory
ChPT is an EFT of pions and nuleons, onstrained by QCD hiral symmetry.
Numerous reviews on ChPT applied to NN interation (see for example [20℄)
or nulear matter (see for example [12,21℄) are available. We will reall here
only the prinipal features needed for our disussion.
Sine we need only pion exhange ontributions, we onsider only the πN
interation Lagrangian. Sine the interations of the Goldstone bosons (pions)
must vanish at zero momentum transfer and in the hiral limit (mpi → 0),
the low energy expansion of the ChPT Lagrangian is arranged in powers of
derivatives and pion masses:
LpiN = L(1)piN + L(2)piN + . . . (18)
The lowest order πN Lagrangian, with one derivative or pion mass insertion,
an be written:
L(1)piN = ψ¯(i/D −MN +
gA
2
γµγ5uµ)ψ, (19)
where ψ is the nuleon Dira spinor, and:
9
Dµ= ∂µ + Γµ, (20)
Γµ=
1
2
(
ξ†∂µξ + ξ∂µξ
†
)
=
i
4f 2pi
τ .(pi × ∂µpi) . . . (21)
uµ= i
(
ξ†∂µξ − ξ∂µξ†
)
= − 1
fpi
τ .∂µpi + . . . (22)
U = ξ2 = 1 +
i
fpi
τ .pi − 1
2f 2pi
pi
2 + . . . (23)
with U = ξ2 the SU(2) matrix olleting pion elds.
The ontributions in ChPT are usually analyzed in terms of the powers of small
momentum over the large sale (Q/Λχ)
ν
, where Q stands for the harateristi
momentum of the problem under onsideration (nuleon or pion momentum,
pion mass, . . . ) and Λχ ∼ 1 GeV is the hiral symmetry breaking sale. The
hiral ounting rule onsists in determining at whih power ν eah Feynman
diagram ontributes.
For the self-energy diagrams we onsider, the hiral ounting rule gives rise to
the following hierarhy of ontributions:
• ν = 3 is the lowest order (denoted order O(Q3)), given by the one pion
exhange diagram (one loop) with vertex insertion from L(1)piN ;
• ν = 4 order (denoted order O(Q4)) reeives ontribution from the iterated
one pion exhange diagram (two loops) with vertex insertion from L(1)piN ;
• ν = 5 order (denoted order O(Q5)) gets ontributions also from the iterated
one pion exhange diagram, and irreduible two pion exhange diagrams,
with vertex insertion from L(1)piN ;
• at ν = 6 order, two pion exhange diagrams with one vertex insertion from
the seond order Lagrangian L(2)piN (with two derivatives or pion mass inser-
tions) and the other verties from L(1)piN , ontribute;
• . . .
Considering the tehnial diulties of in-medium alulations, we will restrit
ourselves to one pion (Fig. 2) and iterated one pion exhange diagrams (Figs.
3 and 4). We thus will determine ontributions at order O(Q5). Irreduible
two pion exhange diagrams ontribute for only a few MeV [21℄, and we will
thus neglet these ontributions in this rst approah.
Finally, the Heavy Baryon formulation of ChPT [22℄ is often used for NN in-
teration. It onsists in using a 1/MN expanded Lagrangian instead of L(1)piN .
However, we will use the equivalent method of the Munih group [11℄. One
starts with the relativisti Lagrangian L(1)piN and writes down relativisti am-
plitudes. Relativisti verties and propagators are then expanded in 1/MN .
This method leads to the same results obtained when starting with a 1/MN
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expanded Lagrangian, but is more eient in dealing with the alulations.
3.2 In-medium self-energy diagrams
For the in-medium self-energy diagrams, the relevant small sale of the prob-
lem is the Fermi momentum kF . Thus, the hiral hierarhy exposed above
suggests that we determine ontributions at order O(k5F ).
Denoting k = (k0 =
√
k2 +M2N ,k) the four vetor of the on-shell in-going
nuleon, the self-energy for eah of the diagrams onsidered an be written as:
Σ(k) = ΣS(k) + γ0ΣV (k)− γ.kΣv(k) (24)
As argued in [23,24℄, it is known from relativisti Hartree-Fok and Dira-
Brukner alulations that the real part of the spatial omponent |k|Σv is muh
smaller than ΣS , ΣV . Moreover, in the ase of pion exhange with pseudo-
vetor oupling onsidered here, |kΣv|/ΣS is of order |k|/MN , with |k| < kF ,
for all the diagrams onsidered. We will thus neglet the spatial omponent
Σv of the self-energy.
We determine the in-medium ontributions arising from the self-energy dia-
grams using the proedure desribed in [12,21℄. We reall here the prinipal
features of this method. The diagrammati alulation in nulear matter in-
volves the in-medium nuleon propagator:
SN(k) = (/k +MN )
{
i
k2 −M2N + iǫ
− 2πδ(k2 −M2N )θ(k0)θ(kF − |k|)
}
,
=SvacN (k) + S
med
N (k), (25)
the pion propagator:
Gpi(q) =
i
q2 −m2pi + iǫ
, (26)
and the π −NN vertex from L(1)piN :
gA
2fpi
/qγ5~τ . (27)
As usually done [12,25℄, the pion exhange self-energy diagrams are onsid-
ered as perturbations to the vauum. Consequently, the masses and ouplings
involved should be taken at their vauum physial value.
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The nuleon propagator splits additively into the vauum SvacN and medium
SmedN insertion parts. The alulation is organized aording to the number
of medium insertions. Self-energy diagrams with no medium insertion part
ontribute to the physial mass of the nuleon MN . Therefore, we onsider
only diagrams with one or more medium insertions.
3.2.1 One pion exhange diagram
The one pion exhange Hartree diagram is trivially zero. The one pion ex-
hange Fok diagram, with one medium insertion on the internal nuleon line
is shown on Fig. 2. The double line on diagrams stands for a medium inser-
tion part of the nuleon propagator, the simple line for a vauum part and the
dashed line stands for the pion propagator.
Fig. 2. One pion exhange Fok diagram.
One has to write the omplete amplitude of this diagram. After performing
the integration on the time omponent of internal four vetor, one is left with
a three dimensional integral. The integrand is expanded in 1/MN , keeping the
two rst orders. The remaining integrals an then be ahieved. The resulting
self-energies are funtions of both |k| and kF . As usual [26℄, we will take its
value for a nuleon on top of the Fermi sea with |k| = kF . We thus will quote
here only the expressions of the self-energy ontributions for |k| = kF . The
ontribution to the nuleon self-energy of the one pion exhange Fok diagram
(denoted Σ1S , Σ
1
V ) is given by:
Σ1S(v) = 3
(
gA
4πfpi
)2
m3pi
{
Σ1,1S +
m2pi
M2N
Σ1,2S
}
, (28)
with:
Σ1,1S (v) =
1
4v
ln
(
1
4v2 + 1
)
+
2
3
v3 − v + arctan(2v), (29)
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and:
Σ1,2S (v) =
−6v2 + 1
16v
ln
(
1
4v2 + 1
)
− v(v
2 − 1)
2
arctan(2v)− v
5
5
− v
3
6
− 3v
4
. (30)
where v = kF/mpi. The onvergene of the 1/MN expansion an be veried at
this stage. The m2pi/M
2
N ontribution of Σ
1
S indeed represents 5% of the rst
order ontribution, for a value of kF ≈ 250fm−3 lose to the saturation one.
Finally, Σ1V is given by:
Σ1V (v) = 3
(
gA
4πfpi
)2
m3pi
{
Σ1S(v) +
v2m2pi
M2N
Σ1,1S (v)
}
. (31)
3.2.2 Iterated one pion exhange diagram
The iterated one pion exhange Hartree diagrams with one or two medium
insertions are represented on Fig. 3. The diagram with three medium insertions
brings a purely imaginary part to the amplitude. The diagram A ontributes
to the physial pion mass. The diagram B is of order O(1/M5N) and is sub-
dominant. Finally, there are four remaining one pion iterated exhange Hartree
diagrams whih ontribute, namely C,D,E,F.
We fous here on the C diagram with one medium insertion. First, the internal
part of this diagram is the so alled planar box graph whih needs to be treated
arefully. This is done in detail in [11℄. The amplitude involves four poles in
eah half omplex plane. The proedure onsists in performing the internal q0
integral by Cauhy's theorem, and then expanding the remaining integrands at
rst order in 1/MN for eah pole. The dominant ontribution arises from one of
the nuleon poles. Using the tools of dimensional regularization proedure, it is
found that this diagram is not divergent and does not need any regularization
as outlined in [11℄.
The introdution of a linear ut-o in the iterated one pion exhange ontri-
bution, as done in [12,21℄, an be onsidered as an eetive parameterization
of ontat terms. Alternatively, Lutz et al. hoose to introdue expliitly a
NN ontat term in the Lagrangian in [25℄. Either the ut-o or NN ontat
term is a parameterization of the short range physis. One of the goals of this
work is to try to get a desription of this short range physis more diretly
from the quark struture of the nuleon, and thus, to avoid double ounting,
we have not introdued suh ontat terms or ut-o in the pioni part of
the self-energies. The short range physis will be expliitly taken into aount
in our approah with the quark-diquark desription of the nuleon. It is thus
lear that the interpretation of our results should be made only when both the
13
Fig. 3. Iterated one pion exhange Hartree diagrams with one or two medium inser-
tions.
quark-diquark and pion exhange ontributions to the self-energy are taken
into aount.
The ontributions to the nuleon salar self-energy of the one pion iterated
exhange Hartree diagrams C (denoted Σ2S) and (D+E+F) (denoted Σ
3
S) an
nally be written in the form, for |k| = kF :
Σ2S(v) =−6π
(
gAmpi
4πfpi
)4
MN
{
11
6
v +
7
24v
ln
[
1 + 4v2
]
−
[
3
2
+
4
3
v2
]
arctan (2v)
}
, (32)
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Σ3S(v) = 6
(
gAmpi
4πfpi
)4
MN {
v2
∫ 1
0
dw
2
[
8v2w2
1 + 2v2w2
1 + 4v2w2
− 2 ln
(
1 + 4v2w2
)]
(
w +
1
2
(
1− w2
)
ln
[
w + 1
w − 1
])
+
∫ 1
0
dw
∫ vw
−vw
dξ
{
(ξ + vw)5
((ξ + vw)2 + 1)2
}
(
ξv +
1
2
(
v2 − ξ2
)
ln
[
ξ + v
ξ − v
])
+
∫ 1
−1
dw
∫ v
0
ξ2
v
dξ
[
2σ2 + σ4
2(1 + σ2)
− ln
(
1 + σ2
)]
ln
∣∣∣∣∣ξw + vξw − v
∣∣∣∣∣
}
, (33)
with σ = ξw+
√
v2 + ξ2(w2 − 1) and v as dened earlier. The ontribution to
the vetor self-energy of the nuleon is stritly equal to the salar one.
The iterated one pion exhange Fok diagrams with one or two medium in-
sertions are represented on Fig. 4. The diagram with three medium insertions
brings a purely imaginary part to the amplitude. The diagrams A, B on-
tribute to the physial masses and ouplings. Finally, there are four remaining
one pion iterated exhange Fok diagrams whih ontribute, namely C,D,E,F.
Fig. 4. Iterated one pion exhange Fok diagrams with one or two medium insertions.
The ontributions to the salar part of the nuleon self-energy from the iterated
one pion exhange Fok diagrams C (denoted Σ4S) and (D+E+F) (denoted Σ
5
S)
an be written as, for |k| = kF :
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Σ4S(v) = 2π
(
gAmpi
4πfpi
)4
MN
{
v3 +
∫ v
0
ξ(1− ξ
v
)dξ
3
1 + 2ξ2[
(1 + 8ξ2 + 8ξ4) arctan ξ − (1 + 4ξ2) arctan(2ξ)
]}
, (34)
Σ5S(v) =
3
2
(
gAmpi
4πfpi
)4
MN
{
G2(v)
8v2
+
∫ v
0
dξG(ξ)
[
1 +
ξ2 − v2 − 1
4vξ
ln
1 + (v + ξ)2
1 + (v − ξ)2
]
+
1
4
∫ 1
0
dw
∫ 1
0
dξ
w
z
(
4v2w2 − ln(1 + 4v2w2)
)
(
−4v2z2 + ln(1 + 4v2z2)
)
+
∫ 1
−1
dw
∫ v
0
dξ
ξ2
v
[ln(1 + σ2)− σ2]
(
ln
|v + ξw|
|v − ξw|
+
1
R
ln
[vR + (v2 − ξ2 − 1)wξ]2
[1 + (v + ξ)2][1 + (v − ξ)2][v2 − ξ2w2]
)}
, (35)
with σ = ξw +
√
v2 + ξ2(w2 − 1) as dened earlier, and:
G(x) = v(1 + v2 + x2)
− 1
4x
[1 + (v + x)2][1 + (v − x)2] ln 1 + (v + x)
2
1 + (v − x)2 , (36)
R=
√
(1 + v2 − ξ2)2 + 4ξ2(1− v2), (37)
z=
√
(ξ2 − 1)w2 + 1. (38)
The vetor part of the nuleon self-energy is again equal to the salar part.
3.3 Numerial results
The physial input parameters are MN = 939MeV, mpi = 135MeV, fpi =
92.4MeV and gA = 1.3. The self-energy oming from pion exhange is om-
pletely parameter free. Even if the expressions obtained above for the self-
energies ontain all powers of the parameter kF/mpi, the hiral ounting rule
indiates that the diagrams taken into aount ontribute mainly at order
O(k3F ), O(k4F ) and O(k5F ). It is thus natural to take the salar and vetor
self-energies as polynomial ts up to k5F :
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Σpii (kF ) =

ci0 + ci1ρ
1/3
B
MN
+ ci2
ρ
2/3
B
M2N

 ρB
M2N
, (39)
where the cij are density independent parameters in the i = S, V salar or
vetor hannels, and ρB =
2
3pi2
k3F is the baryoni density. These parameters
are reported in Tab. 2. This numerial t perfetly reprodues the exat self-
energies.
S V
c0 40.5 40.5
c1 469.9 468.8
c2 252.9 283.3
Table 2
Coeients of the self-energies Eq. (39) for the pioni ontribution in salar (S) and
vetor hannels (V).
The self-energies are shown on Fig. 5 as funtions of the baryoni density.
Fig. 5. Salar and vetor nuleon self-energies from ChPT at fth order in kF as
funtions of baryoni density.
Some omments are in order. First, the salar and vetor self-energies have
very lose values. This is not surprising sine the iterated one pion diagrams
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are taken at the non relativisti order O(1/MN), whih implies that ΣpiS = ΣpiV .
The small dierene between the self-energies arises from the rst relativisti
O(1/M2N) orretion taken in the one pion Fok diagram.
Seond, the part of the self-energies oming from pion exhanges is approxi-
mately ΣS,V (ρ0 = 0.17fm
−3) ∼ 130MeV, whih gives a repulsive single partile
potential. Let us reall that, at this point, these results inlude only the pioni
part and that the short range physis is missing.
Finally, higher order ontributions in ChPT ould be important. These on-
tributions would arise rst as order O(k6F ) ontributions.
4 Nulear matter
We need a framework to desribe nulear matter in whih the self-energies
determined from nuleon struture in the quark-diquark model and pion ex-
hange ontributions will ditate the dynamis. It should be ovariant and
exible enough to impose the dynamis as obtained in the quark-diquark and
pion exhange alulations.
4.1 Density dependent point oupling model
A point-oupling nuleoni Lagrangian with density dependent ouplings of-
fers a framework ompatible with the requirements desribed above. Suh a
framework, with a mapping proedure of the self-energies, has been already
used in [26℄ by Finelli et al. We are here interested only in the desription
of symmetri and innite nulear matter in the relativisti mean-eld (RMF)
approximation and the Lagrangian reads:
L= ψ¯(iγµ∂µ −MN)ψ
−1
2
GS(ρˆB)(ψ¯ψ)
2 − 1
2
GV (ρˆB)(ψ¯γµψ)
2, (40)
where ψ is the nuleon eld, ρˆB is the baryoni density operator with ρˆBu
µ =
ψ¯γµψ and uµ = (1 − v2)−1/2(1,v) is the quadri-veloity of the nulear uid.
The oupling strengths GS and GV are supposed to be funtional of the bary-
oni density. These funtions will be determined by mapping the nuleon self-
energies on those obtained from the quark-diquark and pion exhange alu-
lations. This Lagrangian has to be used in mean-eld approximation, with
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utuations beyond the mean-eld enoded in the density dependenes. The
equation of motion for the nuleon reads:
[γµ(i∂
µ − V µ)− (MN + S)] = 0, (41)
with the salar and vetor self-energies of the nuleon S and V µ given by
S=GS(ρˆB)(ψ¯ψ), (42)
V µ=GV (ρˆB)(ψ¯γ
µψ) + Σµr , (43)
Σµr =
uµ
2
(
∂GS
∂ρˆB
(ψ¯ψ)2 +
∂GV
∂ρˆB
(ψ¯γµψ)2
)
. (44)
In the RMF approximation for innite symmetri nulear matter, ψ¯ψ and
ψ¯γµψ are taken at their expetation values and the spatial omponents of
urrents vanish. The salar and vetor self-energies read:
S = GS(ρB)ρs, (45)
V0 = GV (ρB)ρB + Σr, (46)
where ρs = 〈ψ¯ψ〉 and ρB = 〈ψ¯γ0ψ〉 are the salar and vetor densities. Σr is
the rearrangement term in the mean eld:
Σr =
1
2
∂GS
∂ρB
ρ2s +
1
2
∂GV
∂ρB
ρ2B. (47)
It has to be noted that the rearrangement term Σr is essential to ensure the
density dependent models to be thermodynamially onsistent.
The self-onsistent nuleon mass is related to the salar self-energy:
M∗N = MN + S, (48)
with MN the free nuleon mass. The spin-orbit splitting in nite nulei are
strongly related to the value of the eetive nuleon mass at saturation density
ρsat. To aurately reprodue spin-orbit splitting, it should be at least redued
to the value M∗N(ρsat)/MN ∼ 0.64 [27℄. We will onsider that an aeptable
range for the eetive nuleon mass would be M∗N (ρsat)/MN = 0.65 ± 0.05.
The salar density is given as a funtion of the Fermi momentum kF :
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ρs =
M∗N
π2
[
kFEF − (M∗N)2 ln
(
kF + EF
M∗N
)]
, (49)
where EF =
√
(kF )2 + (M
∗
N)
2
. The nuleon density is ρB =
2
3pi2
k3F . The en-
ergy density and pressure of nulear matter an be obtained from the energy
momentum tensor
E = Ekin − 1
2
GSρ
2
s +
1
2
GV ρ
2
B, (50)
P =EFρ− Ekin + 1
2
GSρ
2
s +
1
2
GV ρ
2
B + ΣrρB, (51)
where the kineti term reads:
Ekin = 1
4
[3EFρB +M
∗
Nρs]. (52)
Empirially, the binding energy per nuleon, dened as EB = E/ρB − MN ,
should present a minimum at the saturation density ρsat. At this density, the
pressure vanishes P (ρsat) = 0, whih gives a non trivial onstraint. We have
onsidered the empirial range for saturation density ρsat = 0.153±0.015fm−3,
with binding energy EB(ρsat) = −15.5± 1.0MeV.
We will also need the nulear matter inompressibility modulus dened as:
K = 9ρB
∂P
∂ρB
. (53)
The value ofK(ρsat) is related to isosalar giant monopole resonanes in spher-
ial nulei. However, the empirial estimates are strongly model dependent
[28,29℄ and we will onsider that a value of K(ρsat) = 250 ± 50MeV remains
aeptable.
4.2 Determination of the density dependene of the ouplings
The preeding point oupling model is the framework in whih we want to in-
lude the quark-diquark and pioni exhange ontributions to the nuleon self-
energies. To ahieve that, the proedure onsists in mapping the self-energies
in order to dedue the density dependent ouplings GS(ρB) and GV (ρB). This
is ahieved by writing:
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GS(ρB)ρs=Σ
0
S + Σ
pi
S, (54)
GV (ρB)ρB + Σr =Σ
0
V + Σ
pi
V , (55)
where Σ0S,V are the self-energies dedued from quark-diquark piture in Se-
tion 2 and ΣpiS,V are pioni ontributions derived in Setion 3 (Σr is dened
Eq.(47)). The self-energies oming from quark-diquark are taken in linear ap-
proximation:
Σ0S ∼ G0Sρs, (56)
Σ0V = G
0
V ρB. (57)
We have veried that, using an aurate t in powers of kF for the salar self-
energy from quark-diquark piture, does not hange the results. The pioni
ontributions have been written in powers of ρB. We therefore have, onsider-
ing that ρs ∼ ρB up to saturation density:
GS(ρB) =G
0
S +
1
M2N

cS0 + cS1 ρ
1/3
B
MN
+ cS2
ρ
2/3
B
M2N

 , (58)
GV (ρB)ρB + Σ=

G0V + 1M2N

cV0 + cV1 ρ
1/3
B
MN
+ cV2
ρ
2/3
B
M2N



 ρB. (59)
The equation on GV (ρB) is a dierential equation. The solution is:
GV (ρB) = G
0
V +
1
M2N

cV0 + 67(cV1 −
1
6
cS1 )
ρ
1/3
B
MN
+
3
4
(cV2 −
1
3
cS2 )
ρ
2/3
B
M2N

 . (60)
4.3 Parameter free results
We should at this point note that, as argued in [6℄, the NJL model generates a
vauum Mexian hat potential whih ontains an attrative tadpole diagram
working against saturation. Consistently with the NJL model, we have veried
that the nulear matter annot saturate if one takes into aount only the
quark-diquark part of the self-energy in the mapping proedure desribed
above, negleting the pioni ontributions.
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We now ome to the results when both quark-diquark and pion exhange
ontributions are taken into aount in the mapping proedure. In a rst
step, we have applied the mapping proedure, using dierent ouples of values
(G0S, G
0
V ) orresponding to onstituent quark mass values in the range m =
370 − 440MeV. It has to be noted that, for a given onstituent quark mass
value, there is no free parameter to ne tune on the saturation properties. The
binding energy does not present any minimum for the lowest quark masses,
and presents an unrealisti saturation point for m = 440MeV, with density
ρB ∼ 0.03fm−3 and EB ∼ −0.5MeV. While it is far from the empirial region,
this result is enouraging sine, with no free parameter adjusted to reprodue
the saturation point, it was highly non trivial to obtain a minimum. It is
known that this minimum results from a subtle anellation between the large
salar and vetor self-energies.
It is lear that our model suers of some approximations, partiularly the
quark-diquark desription in the NJL model. For example, the stati approx-
imation an lead in the vauum to almost a 10% deviation from the exat so-
lution of the Faddeev equation. An improvement of the quark-diquark piture
would lead to a modiation of the linear part of the self-energy. We explore
the possibility in the next setion to improve the nulear matter desription
by taking into aount a phenomenologial orretion to the quark-diquark
piture of the nuleon.
4.4 Phenomenologial orretion to the quark-diquark part of the self-energy
In this setion, we explore the possibility to improve nulear matter saturation
by adding a phenomenologial orretion term linear in the density to the self-
energy.
δΣS = δG
0
Sρs, (61)
δΣV = δG
0
V ρB, (62)
in the salar (S) and vetor (V ) hannels. Sine we get all the ontributions
to the self-energy assoiated to pion exhange at k3F order, this orretion
should be attributed to the part of the self-energy assoiated to the quark-
diquark dynamis. In order to avoid too many free parameters, we onsider the
same orretion for the salar and vetor self-energies, namely δG0S = δG
0
V =
δG0. The equations (58,60) are modied by adding this ontribution to the
ouplings.
For a given onstituent quark mass value, δG0 is adjusted, via a least squares
proedure to reprodue the saturation properties whih we reall below:
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• the saturation density ρsat = 0.153± 0.015fm−3
• the binding energy EB(ρsat) = −15.5± 1MeV
• the nuleon eetive mass M∗N (ρsat)/MN = 0.65± 0.05
• the nulear matter inompressibility modulus K(ρsat) = 250± 50MeV.
The results for dierent quark mass values are listed in Table 3. For eah of
these parameterizations, the average error on the four observables is less than
one error bar, whih is a remarkable improvement, sine it has been obtained
with only one free parameter. The binding energy versus baryoni density is
represented on Fig. 6 for three quark mass values.
m(MeV) δG0(fm2) ρsat(fm
−3) EB(MeV) M∗N/MN K(MeV)
380 -2.9 0.134 -16.3 0.81 249
390 -2.8 0.134 -16.2 0.82 245
400 -2.1 0.128 -16.4 0.77 260
410 -1.7 0.122 -16.3 0.75 267
420 -1.4 0.12 -16.3 0.73 274
Table 3
δG0 (see text) values and saturation properties of nulear matter for dierent quark
mass values.
It is lear from Fig. 6 that the binding energy is almost independent of the
onstituent quark mass value for densities around and below the saturation
point. Although there is only one free parameter, the saturation properties
are reasonable for any of the quark mass values onsidered. However, the
saturation density is somewhat too low and the eetive nuleon mass too
high.
The best t is given by the m = 410MeV parameterization with an average er-
ror of 0.7 error bar. It will be denoted below PCM1 parameterization. Figure 7
represents the evolution of the self-energies as funtion of kF for the PCM1 pa-
rameterization at the dierent steps of the alulation: quark-diquark+ pioni
exhange ontributions alone and the nal result. It is lear that the most im-
portant part of the self-energies is generated by the quark-diquark and pioni
exhange ontributions, whereas the phenomenologial ontribution is weaker.
Quantitatively, this an be onrmed with the ratio δG0/G0S, whih is of the
order 0.14. We an onlude that it is possible to obtain realisti saturation
properties with relatively small orretion to the quark-diquark piture of the
nuleon.
For omparison, in [3℄, the nuleon self-energies have been extrated at tree
level from a realisti NN potential based on ChPT at fourth order. The authors
found that most of the self-energies were generated by the ontat terms.
Similarly, in our approah, the quark-diquark piture is also responsible for
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Fig. 6. Binding energy per nuleon versus baryoni density for three onstituent
quark mass values: m = 380 MeV (solid line), m = 400 MeV (dashed line), m = 420
MeV (dotted line).
the most important part of the self-energies.
Till now, the part of the nuleon self-energies from ChPT has been deter-
mined up-to and inluding order k5F . At three loop level of ChPT, three body
interations appear and would ontribute rst at order k6F . However, higher
order eets oming from the quark-diquark struture of the nuleon ould
also ontribute at k6F order, thus the inlusion of a phenomenologial k
6
F on-
tribution raises ambiguity in its interpretation. The Appendix A is dediated
to the study of the eets of the inlusion of a phenomenologial k6F term on
saturation properties and a omparison of the results with a Dira-Bruekner-
Hartree-Fok alulation is reported in Appendix B.
5 Conlusion
We have investigated the possibility to desribe innite and symmetri nu-
lear matter in an approah onstrained by quantum hromodynamis. We
have mapped the nuleon self-energies of a point oupling relativisti mean-
eld model on self-energies obtained in eetive theories of QCD. We have
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Fig. 7. Evolution of the self-energies as funtions of kF at the dierent steps:
quark-diquark and pioni exhange ontributions alone (dashed line) and self-en-
ergy with the k3F orretion added (dotted line) for PCM1 parameterization.
determined the ontributions to in-medium nuleon self-energy by separating
the short range part, driven prinipally by the quark struture of the nuleon,
from the long range part, ditated by pion dynamis.
We have taken the nuleon struture into aount in a simple quark-diquark
piture in a Nambu-Jona-Lasinio model, whih is hirally invariant and re-
produes the spontaneous hiral symmetry breaking. The quark-diquark pi-
ture generates large attrative salar and repulsive vetor self-energies in the
medium, with an average ratio at saturation density of Σ0S/Σ
0
V ∼ −2.
The long range part has been determined by inluding the one pion and it-
erated one pion exhange desribed in the framework of hiral perturbation
theory at order O(k5F ). The self-energies obtained are found to be approxi-
mately 130MeV at saturation for salar and vetor hannels.
A saturation point with too low density is obtained without any free param-
eter to ne tune for a given onstituent quark mass value. The desription
of nulear matter saturation properties (saturation density, binding energy,
eetive nuleon mass and inompressibility modulus) is improved by intro-
duing a orretion term to the self-energy, linear in the density, whih ould
be interpreted as a orretion to the quark-diquark piture approximations.
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This term is found to be relatively small, and we get a reasonable desription
of nulear saturation onsidering that, for a given quark mass value, we have
only one free parameter.
To summarize, we have obtained a reasonable desription of saturation prop-
erties of nulear matter with one free parameter. The possibility to obtain a
rather good desription of saturation properties by orreting quark-diquark
piture approximations with one weak phenomenologial orretion term lin-
ear in the density learly indiates that, by rening the quark-diquark desrip-
tion of the nuleon, the model ould be notieably improved.
A Higher order hiral perturbation theory ontribution
We examine in this appendix the inuene on the saturation properties of a
k6F ontribution to the self-energies. At three loop level of ChPT, three body
interations appear and would ontribute rst at order k6F . To our knowledge,
there are not yet expliit alulations of these ontributions available. We thus
adopt a phenomenologial point of view, introduing in the r.h.s. of equations
(58,59) a new term to the self-energy dened as:
δΣ1S = δG
1
SρBρs, (A.1)
δΣ1V = δG
1
V ρ
2
B, (A.2)
in the salar S and vetor V hannels. The impliit onjeture made in the
ChPT is that these terms should be sub-dominant. We indeed expet that
these new ontributions, adjusted to obtain the best t of saturation prop-
erties, will be small. However, these new terms an inlude also higher order
eets oming from the quark-diquark struture of the nuleon.
In order to ne tune the saturation properties, the single partile potential
U ∼ S + V is the pertinent observable to onsider. The orretion to U is
approximately driven by the sum δG1S + δG
1
V . Thus, it does not matter how
the k6F ontribution is split into salar and vetor self-energies. One an then
take only one free parameter, and will obtain equivalent results by imposing
dierent relations between δG1S and δG
1
V . We thus assume that the orretion
to the vetor self-energy is zero.
δG1V = 0 (A.3)
We have thus only one more free parameter δG1S. The results are listed in
Table A.1 for dierent quark mass values.
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m(MeV) δG0(fm2) δG1S(fm
5) ρsat(fm
−3) EB(MeV) M∗N/MN K(MeV)
390 -2.5 -5.4 0.168 -15.5 0.76 231
400 -1.8 -7.3 0.162 -15.3 0.70 260
410 -1.3 -8.5 0.156 -15.4 0.67 288
420 -1.0 -8.6 0.146 -15.0 0.66 292
430 -0.8 -7.5 0.138 -15.2 0.65 306
Table A.1
δG0, δG1S values (see text) and saturation properties of nulear matter for dierent
quark mass values.
The average error on saturation properties is less than 0.6 error bar in all
ases. The best t is obtained for m = 410MeV with an average error of 0.2
error bar on saturation properties. This is a remarkable improvement by a
fator four with regard to PCM1 parameterization. The m = 410MeV set will
be denoted PCM2 parameterization.
The leading order orretion term δG0 has been redued between PCM1 and
PCM2 from −1.7fm2 to −1.3fm2. The ratio δG0/G0S is now 0.11, and the δG1S
orretion is relatively small with δG1Sρsat/G
0
S ∼ 0.12. The total phenomeno-
logial orretion is approximately of the same magnitude as with only a linear
orretion term. Let us mention that, in [3℄, the nuleon self-energies have been
extrated at tree level from a realisti nuleon-nuleon potential. In partiu-
lar, the Idaho NN potential, based on ChPT up to fourth order, gives at third
order a total pioni ontribution of approximately the same magnitude as δG1S.
We an onlude that a k6F ontribution to the self-energy, even weak, ould
lead to an improvement of saturation properties. In order to identify the origin
of this ontribution, it would be valuable to obtain an evaluation of three
loop level ontributions in ChPT, so as to separate eets oming from pion
exhange and from quark struture of the nuleon.
B Comparison with DBHF alulation from realisti NN potential
We present here the binding energy per nuleon and the nuleon self-energies
on Fig. B.1 and B.2 for the PCM1 and PCM2 parameterizations. The results
from a Dira-Bruekner-Hartree-Fok alulation based on BonnA potential
[30℄ are also shown.
The empirial saturation point region is also represented on Fig. B.1 as a
dashed area. It is lear that PCM1 parameterization leads to a too low sat-
uration density, while the PCM2 saturation point is approximately in the
27
Fig. B.1. Binding energy as funtions of the baryoni density for PCM1 and PCM2
parameterizations and DBHF alulation based on BonnA potential (stars). The
dashed area is the empirial region of the saturation point.
entre of the empirial region. The DBHF alulation [30℄ gives a too high
saturation density ρsat = 0.185fm
−3
, but it is, to our knowledge, the most
elaborate DBHF alulation based on a realisti NN potential. As an be seen
from Fig. B.1, the inompressibility modulus is lower for DBHF alulation
(K ∼ 240MeV) than for our models.
As the three alulations give rather dierent saturation densities, we found
more instrutive to ompare the self-energies plotted against the Fermi mo-
mentum, normalised to the saturation Fermi momentum of eah model. This
is done on Fig. B.2. As an be seen, the PCM1 parameterization gives weaker
values for the self-energies, but the PCM2 parameterization leads to a good
agreement with the DBHF BonnA alulation for densities in the range ρB =
0.1− 1.6ρsat.
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